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The creation of disordered hyperuniform materials with potentially extraordinary optical proper-
ties requires a capacity to synthesize large samples that are effectively hyperuniform down to the
nanoscale. Motivated by this challenge, we propose a fabrication protocol using binary paramagnetic
colloidal particles confined in a 2D plane. The strong and long-ranged dipolar interaction induced
by a tunable magnetic field is free from screening effects that attenuates long-ranged electrostatic
interactions in charged colloidal systems. Specifically, we find a family of optimal size ratios that
makes the two-phase system effectively hyperuniform. We show that hyperuniformity is a general
consequence of low isothermal compressibilities, which makes our protocol suitable to systems with
other long-ranged soft interactions, dimensionalities and/or polydispersity. Our methodology paves
the way to synthesize large photonic hyperuniform materials that function in the visible to infrared
range and hence may accelerate the discovery of novel photonic materials.
Introduction. Disordered hyperuniform systems are ex-
otic disordered states that lie between crystals and liq-
uids. While being statistically isotropic like liquids, they
exhibit “hidden order” in the sense that they suppress
large-scale density fluctuations in the way that crystals
do. Since the fundamental study on this subject [1], hy-
peruniformity has been observed in a surprisingly wide
variety of systems. Examples range from classical equi-
librium systems [2–4], classical and quantum jammed sys-
tems [5–8], critical absorbing states [9–11], active matter
[12, 13], soft polymers [14], biological systems [15, 16] to
the one-dimensional point patterns derived from the non-
trivial zeros of the Riemann zeta function [17]; see also
the recent review for a more comprehensive list [18]. Hy-
peruniform point configurations in d-dimensional space
Rd possess a structure factor S(k) that goes to zero as
the wavenumber |k| vanishes, i.e., lim|k|→0 S(k) = 0,
which corresponds to a local number variance σ2N (R) in
a spherical window of radius R that grows slower than
Rd. The hyperuniformity concept has been generalized
to two-phase media [19], where hyperuniformity means
that the spectral density χ˜
V
(k) (Fourier transform of the
autocovariance function [20]) goes to zero as |k| → 0,
which is equivalent to a local volume-fraction variance
σ2
V
(R) that decreases faster than R−d for large R.
Besides being of great fundamental interest, hype-
runiform materials are showing exciting technological
promise, especially in photonics [21–27]. Specifically,
disordered hyperuniform structures are found to exhibit
photonic band gaps, just like photonic crystals, but
possess the advantage of being isotropic, enabling free-
form waveguides [22]. These investigations motivated
the study of hyperuniform materials for acoustic applica-
tions as well [28]. Moreover, hyperuniform materials may
be potentially useful for producing vivid non-iredescent
structural colors [29, 30].
However, a fundamental challenge is how to make large
hyperuniform samples efficiently, especially down to the
nanoscale. Computational protocols, such as the exten-
sively used collective-coordinate optimization technique
[4], involve high computational costs, which makes it
hard to generate sample sizes beyond thousands of parti-
cles. Thus, a bottom-up, self-assembly based fabrication
method is highly desired. Notable examples include jam-
ming of hard or soft particles [5, 6, 31, 32], periodically
driven systems going through an absorbing phase tran-
sition [10, 33, 34] and spinodal decompositions [35, 36].
The fact that many of these hyperuniform nonequilib-
rium systems are at critical points implies that there is
little room to tune the structure, e.g., it is impossible to
demand a significantly lower volume fraction in jammed
systems. Moreover, any imperfections or defects, which
always occurs in experiments, can degrade hyperunifor-
mity, e.g., the rattlers in jammed packings [37].
On the other hand, equilibrium systems are much more
robust and flexible in the sense that their macroscopic
properties are time-independent and can be tuned by
many parameters. Specifically, in order to observe hy-
peruniformity in an equilibrium system, the isothermal
compressibility relation S(0+) = ρkBTκT dictates a van-
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2ishing compressibility κT at finite temperature T . This
relation implies that a long-ranged interaction must be
present. While systems that utilize Coulombic interac-
tions may at first glance appear to be suitable to achieve
hyperuniformity (e.g., charged colloids), they often suffer
from screening effects that attenuate the associated long-
range electrostatic interactions. It has been shown that
such systems only become effectively hyperuniform [38]
at low temperatures and small inverse screening lengths.
In this Letter, we propose a highly feasible and robust
equilibrium protocol that can be used in the laboratory to
fabricate large disordered hyperuniform materials down
to the nanoscale. Specifically, we consider superparamag-
netic colloidal particles (doped with magnetic materials)
confined at a two-dimensional interface such that dipole-
dipole interactions are induced when a magnetic field is
applied perpendicular to the plane. The interactions in
such systems are strong, long-ranged (u(r) ∼ 1/r3) and
free of screening effects, making them excellent candi-
date systems that can yield large, effectively disordered
hyperuniform colloidal systems at positive temperatures.
We actually employ binary particle mixtures to frustrate
crystallization [39]. The monodisperse version of our
model has been extensively studied both numerically and
experimentally [40–43], mainly for the purpose of prob-
ing the nature of two-dimensional melting [44]. Much
less is known about the polydisperse case. Here we apply
both Monte Carlo simulations and the Ornstein-Zernike
integral-equation formalism to study the structure of the
system. Similar techniques were applied in Ref. [45], but
hyperuniformity was not a consideration. Moreover, here
we focus on the two-phase systems formed by the parti-
cles, which is crucial for our purposes, as detailed below.
Our main finding is that in the equilibrium liquid
phase, despite the structure of each component not being
hyperuniform, there exists an optimal size ratio R1/R2 =
(ρ2S22(0
+)/ρ1S11(0
+))
1
4 that makes the resulting two-
phase system effectively hyperuniform. Here Sii and
ρi are the partial structure factor and density of the
species i. The optimal size ratio leverages the destruc-
tive interference between scattering events between the
two species, which is a general direct consequence of low
isothermal compressibilities due to the strong and long-
ranged repulsion. Our protocol can be potentially ap-
plied to other long-ranged soft repulsions (u(r) ∼ 1/rn),
as they are shown to bear similar physics [41]. Addition-
ally, our protocol is also suitable to systems with other
dimensionalities and/or polydispersity.
Methods. We study binary superparamagnetic colloidal
particles confined in a 2D plane [39, 45, 46]. An external
magnetic field B perpendicular to the plane is applied, in-
ducing a dipole-dipole interaction. For the binary system
we consider here, denote Ni and χi as the corresponding
particle number and susceptibility for each component,
i = 1, 2, with ρi and xi being the number density and
concentration. We denote the species 1 as the “large”
particles and 2 the “small” particles, in the sense that
χ1 > χ2. The dipole-dipole interaction uij can be rewrit-
ten as βuij(x) = Γij/x
3, where β = 1/(kBT ), with kB
being Boltzmann’s constant, and x is the distance be-
tween two particles rescaled by the average interparticle
distance between large particles, i.e., x ≡ r/a11, where
a11 = 1/
√
ρ1. The quantity Γij is a dimensionless cou-
pling strength between species i and j, which can be
written as Γij = βµ0χiχjB
2/(8pia311). The binary col-
loids have radii R1 and R2 respectively, however in our
simulations they can be treated conveniently as point-
like due to the strong dipole-dipole repulsion [46]. We
perform Monte Carlo simulations of a system consists of
3600 particles, using a simplified swap Monte Carlo algo-
rithm [47]. Up to 109 steps were used to equilibrate the
systems, and all results presented are averaged using 30
to 50 configurations. We also solve the Ornstein-Zernike
integral equation numerically to obtain the partial struc-
ture factors using the Rogers-Young [48] (RY) closure,
see Ref. [49] and Supplemental Material [50] for details
of the corresponding algorithm.
Results. Importantly, we first show the binary system
is not hyperuniform as a point pattern, but there ex-
ists a unique way of decorating the points to be effec-
tively hyperuniform as a two-phase system. As noted
above, hyperuniformity, i.e., the vanishing of S(0+) of an
equilibrium one-component system is directly related to
its incompressibility. However, we need to consider the
isothermal compressibility κT of a binary system, which
can be expressed in terms of the partial structure factors
Sij(k) [51]:
ρkBTκT =
S11(0
+)S22(0
+)− S212(0+)
x1S22(0+) + x2S11(0+)− 2x
1
2
1 x
1
2
2 S12(0
+)
,
(1)
where Sij(k) = (NiNj)
− 12
〈
n˜i(k)n˜
∗
j (k)
〉
. Here n˜1(k)
and n˜2(k) are complex collective density variables for
large and small particles, which are defined as n˜1(k) ≡∑N1
i=1 e
−ik·r1i and n˜2(k) ≡
∑N2
i=1 e
−ik·r2i , where {r1i}
and {r2i} refer to the set of positions of large and small
particles. Incompressibility (κT = 0) at positive temper-
ature then implies that
S11(0
+)S22(0
+)− S212(0+) = 0. (2)
While incompressibility cannot be perfectly achieved in
the dipolar system we study, due to the strong and long-
ranged repulsion, this condition will approximately hold
when the coupling strength Γ is sufficiently large.
However, we show that incompressibility in our equilib-
rium binary systems means the destructive interference
scattering events between both species, rather than the
vanishing of S(k) itself as the case in monodisperse sys-
tems. To demonstrate this idea, we present simulation
results of a binary system with the number density ra-
tio ρ1/ρ2 = 1 and the susceptibility ratio χ1/χ2 = 2.
Figure 1 depicts the computed structure factors for the
3small particles S22(k), large particles S11(k), and the en-
tire system Stotal(k) for different coupling strengths. Here
Stotal(k) can be written as N
−1 〈|n˜i(k) + n˜j(k)|2〉.
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FIG. 1. Structure factors for large particles S11(k), small
particles S22(k) and the entire system Stotal(k) for different
values of the coupling strength Γ22. Clearly, neither the point
pattern associated with each component or the entire system
is hyperuniform.
Clearly, neither the point pattern associated with each
component or the entire system of points is hyperuni-
form, which requires vanishing structure factors when k
goes to zero. Interestingly, we find that compared to the
structure factors of each component, the small-k values
of the structure factor Stotal(k) are suppressed while the
first peak is significantly enhanced. The k-value of the
first intersection of S11(k) and S22(k) corresponds to the
minimum of Stotal(k), which decreases as the coupling
strength increases. These facts suggest that the interfer-
ence due to scattering from the small particles and large
particles is constructive around the wavelength associated
with the first peak of the structure factor, while destruc-
tive in the small-k region, which favors hyperuniformity.
To demonstrate this observation quantitatively, we com-
pute the angle φ(k) between n˜1(k) and n˜2(k), defined
by
φ(k) = arccos
Re(n˜1(k)) Re(n˜2(k)) + Im(n˜1(k)) Im(n˜2(k))
|n˜1(k)||n˜2(k)| ,
(3)
We plot the angular-averaged φ(k) as a function of
wavenumber k in Fig. 2 (a). These results justify our pre-
vious arguments, i.e., in the small-k region, the angle φ(k)
is very close to pi, showing that the two complex collective
density variables align themselves in opposite directions
and thus the interference is destructive (see schematic
shown in Fig. 2 (b)); while the first dip of φ(k) coincides
with the location of the first peak, showing that the in-
terference is constructive at the peak. When k → ∞,
the angle converges to pi/2, which confirms the expecta-
tion that the correlation finally dies out. Importantly, as
the coupling strength Γ22 increases, the two complex col-
lective density variables are more strongly aligned with
each other. We now show how this finding relates to Eq.
(2). Using the aforementioned complex collective density
variables, it easily follows that S12(k) can be written as√
S11(k)S22(k) cosφ(k). Plugging into Eq. (2), we have
S11(0
+)S22(0
+)[1− cos2 φ(0+)] = 0. (4)
The solution of Eq. (4) means that φ(0+) = pi. Moreover,
for dense liquids, S11(0
+) and S22(0
+) are insensitive to
Γ and thus we approximately have (1+cosφ(0+)) ∝ TκT .
This relation explains the results in Fig. 2 (b), i.e., the
angle φ(0+) converges to pi as the coupling strength in-
creases.
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FIG. 2. (a) The angle φ(k) between the complex collective
density variables for small particles n˜2(k) and large particles
n˜1(k) as a function of wavenumber k under different coupling
strengths. (b) A schematic plot of the complex collective
density variables for small particles n˜2(k) and large parti-
cles n˜1(k) in the complex plane. Here, vector n˜1(k) can be
stretched out to cancel n˜2(k) when they are added together.
However, although n˜1(0
+) and n˜2(0
+) almost align
themselves in opposite directions in the complex plane,
due to the fact that their magnitudes are different,
their sum as well as the resulting total structure factor
Stotal(0
+) can not vanish. This suggests that if we can
elongate the vectors n˜1(0
+) and n˜2(0
+) such that their
magnitudes match each other, their sum would be very
close to zero. Importantly, this idea enables us to design
an optimized hyperuniform two-phase system based on
decorating the point pattern.
For a two-phase medium, hyperuniformity is defined in
terms of the spectral density χ˜
V
(k), as noted earlier. In
general, the spectral density can be written as |J˜(k)|2/V ,
where J˜(k) is the Fourier transform of J(x) = I(x) −
〈I(x)〉 and I(x) is the indicator function for the particle
phase [19]. In the small-k region, we have the following
approximate expression for our binary system
J˜(k) = piR21n˜1(k) + piR
2
2n˜2(k). (5)
To make |J˜(0+)| as close to zero as possible, we immedi-
ately come to the relation that R21|n˜1(0+)| = R22|n˜2(0+)|,
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FIG. 3. Spectral densities χ˜V (k) for binary systems with dif-
ferent size ratios R1/R2. The volume fraction of the particle
phase is fixed at 0.15.
which leads to the optimal particle size ratio
R1
R2
=
(
ρ2S22(0
+)
ρ1S11(0+)
) 1
4
. (6)
Generally, the susceptibility ratio χ1/χ2 is only depen-
dent on the doping level, thus can be independent of the
physical size ratio R1/R2. This provides great flexibility
to tune the system to the optimal hyperuniform state.
Observe that as the coupling strength increases, the val-
ues of the structure factors S11(0
+) and S22(0
+) approx-
imately remains the same. This insensitivity shows that
the optimal particle size ratio is basically determined by
the susceptibility ratio χ1/χ2 and the number density ra-
tio ρ1/ρ2. This is particularly important from an exper-
imental point of view because it means that the optimal
colloid composition can be prescribed and one only needs
to tune the magnetic field to the desired level.
To demonstrate the effectiveness of our protocol, we
consider decorating the simulated point pattern with par-
ticles with different size ratios while keep the volume
fraction of the particle phase fixed (here we use 0.15).
Figure 3 shows corresponding spectral densities χ˜
V
(k)
for these systems. Indeed, we find that the optimal
size ratio (≈ 1.3) gives the smallest χ˜
V
(0+). To quan-
tify how close the system is to perfect hyperuniformity,
we employ the “hyperuniformity index”, H, defined as
H = χ˜
V
(0+)/χ˜
V
(kmax), where χ˜V (kmax) is the value of
the largest peak of the spectral density [37]. We find for
Γ22 = 10, the “hyperuniformity index” H is as small as
0.0004, which is two orders of magnitude smaller than
the value obtained from the system with identical par-
ticle sizes. Moreover, we find empirically that for the
optimal structure, the relation χ˜
V
(0+) ∝ 1/Γ22 holds,
which is very similar to the behavior of the monodisperse
structure factors. This interesting similarity between the
spectral density χ˜
V
(k) of the binary system under the op-
timal size ratio and the structure factor in monodisperse
systems is straightforward to demonstrate. Specifically,
plugging in the optimal size ratio into Eq. (5) we find
χ˜
V
(0+) ∝ 2pi2R41|n˜1(0+)|2[1 + cosφ(0+)] ∝ TκT . In the
case of dense dipolar systems, this implies that we ap-
proximately have χ˜
V
(0+) ∝ 1/Γ [52], which indeed is
what we find in simulations. This finding suggests that
we can control the volume fraction fluctuations at long
wavelengths by tuning the magnetic field, while retaining
the isotropy of a disordered system. We depict a realiza-
tion of the optimal system at Γ22 = 5 in Fig. 4 (a). In
Fig. 4 (b), we directly compute the local volume frac-
tion variances σ2V (R) associated with windows of radii R
[19] for different size ratios. Note that at the optimal
size ratio (≈ 1.3), the volume fraction variance indeed
decreases fastest with the increase of R. Moreover, a
scaling of R−2.9 is found for the optimal configuration.
These results further confirm that our protocol gives the
most hyperuniform configuration among all possible size
ratios.
Similar results can be found for other set of parame-
ters. To provide a useful recipe, we use the RY approx-
imation to systematically study the manifold of the op-
timal size ratio as a function of the coupling strength
ratio, γ12 = Γ11/Γ22 and composition. The function
Z(x1, γ12) = R1/R2 is computed from Eq. (6) where
the partial structure factors are determined using the
RY approximation. This quantity is plotted in Fig. 4
(c). Interestingly, the optimal size ratio is almost in-
dependent of the composition as long as γ12 is not too
large. Using the effective hard disk diameter
∫∞
0
(1 −
exp(−u(r)/kBT ))dr ≈ 1.354Γ 13 /√ρ1, we find a good em-
pirical expression for the optimal ratio in this region:
Z(x1, γ12) ∼ (γ12 13 + γ12 16 + 1)/3, which is represented
by the wireframe in Fig. 4 (c). Using this figure, one
may determine the experimental characteristics for our
colloidal mixture to become effectively hyperuniform.
Generalizations. Our protocol can be applied to other
long-ranged interactions, dimensionalities and/or poly-
dispersity. Recall that to reach the key relation φ(k) ≈ pi,
we have not assumed anything about the exact form of
the interaction, nor dimensionality, as long as the system
is hard to compress. For polydisperse systems, incom-
pressibility means that there exists an eigenvector of the
structure factor matrix Sij which leads to a vanishing
eigenvalue at infinite wavelength [32]. Thus there exists
a vector a such that∑
i,j
aiSij(0
+)aj = 0. (7)
To make the polydisperse system a hyperuniform two-
phase medium by decoration, note that the spectral den-
sity χ˜
V
(0+) has the following form
χ˜
V
(0+) ∝
∑
i,j
√
xiV (Ri)Sij(0
+)
√
xjV (Rj), (8)
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FIG. 4. (a) A realization of the optimal two-phase system at Γ22 = 5 with volume fraction 0.15. (b) The local volume fraction
variance σ2V (R) as a function of the spherical observation window of radius R for different size ratios (fixed volume fraction).
(c) Optimal size ratio Z(x1, γ12) in terms of composition and coupling strength ratio, γ12, as defined by Eq. (6).
where V (Ri) is the volume of a particle with radius
Ri. Comparing Eq. (7) and Eq. (8) it immediately
follows that the optimal composition has the property
that V (Ri) ∝ ai/√xi, i.e., Ri ∝ a1/di /xi1/2d. For the
dipolar system we consider, it is easy to verify that
a = (1/
√
S11(0+), 1/
√
S22(0+)) is the eigenvector that
we are looking for. Plug in a and d = 2, we indeed
recover the result in Eq. (6). Furthermore, we note
that using the same protocol we can make other spa-
tial variables hyperuniform, e.g., by choosing R1/R2 =
(ρ2S22(0
+)/ρ1S11(0
+))
1
2 the binary system is hyperuni-
form with respect to surface area fluctuations; see Sup-
plemental Material [50].
In conclusion, we propose a highly feasible and robust
equilibrium protocol that can be employed in the labo-
ratory to fabricate large disordered hyperuniform mate-
rials, using binary superparamagnetic colloidal particles
confined in a 2D plane. The destructive interference of
scattering events between the two species of the binary
system at infinite wavelength enables us to design the op-
timal size ratio. Although the present work stresses 2D
dipolar binary systems, our protocol turns out to be gen-
eral and suitable to systems with other sufficiently long-
ranged soft interactions, dimensionalities and/or polydis-
persity. Our methodology opens up avenues to synthe-
size large, tunable photonic hyperuniform materials that
function in the visible to infrared range and thus may
accelerate the discovery of novel photonic materials.
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